Abstract. Let Λ ă SLp2, Zq be a finitely generated, non-elementary Fuchsian group of the second kind, and v, w be two primitive vectors in Z 2´0 . We consider the set S " txvγ, wy R 2 : γ P Λu, where x¨,¨y R 2 is the standard inner product in R 2 . Using HardyLittlewood circle method and some infinite co-volume lattice point counting techniques developed by Bourgain, Kontorovich and Sarnak, together with Gamburd's 5/6 spectral gap, we show that if Λ has parabolic elements, and the critical exponent δ of Λ exceeds 0.998317, then a density-one subset of all admissible integers (i.e. integers passing all local obstructions) are actually in S, with a power savings on the size of the exceptional set (i.e. the set of admissible integers failing to appear in S). This supplements a result of Bourgain-Kontorovich, which proves a density-one statement for the case when Λ is free, finitely generated, has no parabolics and has critical exponent δ ą 0.999950.
introduction
In the last few years there has been a rapidly increasing interest in studying integers from thin group orbits. Bourgain, Gamburd and Sarnak [3] , [4] introduced the notion "affine linear sieve", which stresses the application of ideas from classical sieve methods to finding integers with few prime factors from orbits of groups of affine linear maps. So far the affine linear sieve has successfully produced almost primes in great generality, but just like most other sieves, the affine linear sieve has not been able to produce primes.
Nevertheless, in some sporadic situations, one can do better with other methods. For example, in [5] Bourgain and Kontorovich studied the following question: Let Λ Ă SLp2, Zq be a free, finitely generated Fuchsian group of the second kind with no parabolic elements, and let v " pv 1 , v 2 q, w " pw 1 , w 2 q be two primitive vectors in Z 2´0 . Then what integers can appear in the set S " xvΛ, wy R 2 " txvγ, wy R 2 : γ P Λu, where x¨,¨y R 2 is the standard inner product of R 2 ? Using Hardy-Littlewood circle method, Bourgain and Kontorovich successfully showed that as long as δpΓq, the critical exponent of Γ exceeds 0.9999493550, the integers appearing in the set S has full density in the set of all admissible numbers (defined at (1)), with a power savings in the asymptotic convergence rate. A direct but very interesting corollary is that there are infinitely many primes in S. See [5] , [7] , [6] , [11] , [15] and [10] , for other works on the local-global theorems for thin group orbits.
The work [5] left the case when Λ has parabolic elements open. The purpose of this paper is to extend the result of [5] to cover this case. Inspired by [5] , we will also use circle method, and the infinite-covolume lattice point counting technique developed by Bourgain, Kontorovich and Sarnak [8] . However, we have to use a different setup of the ensemble. It doesn't seem likely that the setup in [5] (or its variants) can cover the parabolic case. Roughly speaking, this is because the existence of parabolic elements would create high multiplicity among the input vectors, which would detriment the minor arc analysis. Instead of using the setup of [5] , we exploit the parabolic structure in our approach. The existence of a parabolic subgroup implies that the representation set S contains lots of arithmetic progressions. A heuristic is that sufficiently many arithmetic progressions should cover a density-one subset of S.
1.1. Statement of the main theorem. Let Λ ă SLp2, Zq be a finitely generated, nonelementary Fuchsian group of the second kind containing parabolic elements. Let v " pv 1 , v 2 q, w " pw 1 , w 2 q be two primitive vectors in Z 2 (i.e. gcdpv 1 , v 2 q=gcdpw 1 , w 2 q=1). The purpose of this paper is to study the set S " txvγ, wy R 2 |γ P Λu. The two vectors v and w are fixed throughout this paper.
Let A be the set of admissible integers by S, i.e.
A " tn P Z|n P Spmod qqu for all q P N.
Since Γ has a parabolic subgroup, the critical exponent δpΓq is greater than 1/2 [1] , thus Λ is a Zariski-dense subgroup of SLp2, Zq. A more-or-less direct corollary from the strong approximation property for Λ [14] is that the local obstruction of A is completely determined by some positive integer Z: Proposition 1.1. There exists a positive integer Z, such that n P A ðñ n P Apmod Zq.
Thus if we let ApNq " A X r´N, Ns, then #ApNq " 2cN`Op1q, where c " 1 Z¨# tadmissible congruence classes mod Zu.
We have an obvious inclusion S Ă A, but on the other hand a local-global principle also predicts that A Ă S. The purpose of this paper is to prove an asymptotic local-global principle in the following sense, which is our main theorem: Theorem 1.2. Let Λ Ă SLp2, Zq be a finitely generated Fuchsian group with parabolic elements. Let SpNq " S X r´N, Ns. Then there exists 5{6 ă δ 0 ă 1, such that if δ " δpΛq ą δ 0 , we have
for some η ą 0, where c is given in (2) . One choice for δ 0 can be 593 594
1.2.
A closer look at local-global principle. Returning to the setting of Theorem 1.2, suppose Λ has a parabolic subgroup, say Γ 8 "
v 1 w 1`v2 w 2`v1 w 2 n, viewed as a linear form of n, already gives a positive density subset of Z when n goes over all integers. Moreover, we can obtain other such linear forms by precomposing v with some element γ P Λ. One might wonder if this problem is elementary after all: can one cleverly find finitely many such forms which obtain all admissible integers, thus the whole local-global principle is proved?
Indeed, let's take a look at the Lubotzky 3-group as an example. Let Λ "
and v " w " p0, 1q, then we are looking at the 2-2 entries of Λ. Write γ "ˆa
It is not hard to see that the local obstruction for S appears at 9: if γ P Λ, then d γ " 1pmod 9q.
On the other hand, a single linear form
already produced all admissible integers. However, if we set v " p0, 1q, w " p7, 5q, then the local obstruction appears at 3 (if γ P Λ, then 7c γ`5 d γ " 2 pmod 3q), but the numerical evidence shows that among all admissible integers up to 200000, 593 are missing to be represented, and no admissible integer greater than 200000 is found missing ever since. If one can find finitely many linear forms to cover all represented integers, then the admissible set A is the same as represented set S. In other words all admissible integers are represented. Thus as long as we have at least one admissible integer missing, we would need infinitely many linear progressions to cover all represented integers. In this case, any finite union of arithmetic progressions S 1 can not cover a density one subset of A. This can be seen as follows: both S 1 and A can be written as finite unions U 1 and U 2 of congruence classes mod Z 0 , for some common modulus Z 0 . Since S 1 is a proper subset of A, U 1 is a proper subset of U 2 . As a result, S 1 covers a positive-density, but not a density-one subset of A.
Next, to show that Theorem 1.2 indeed covers nontrivial examples, in Theorem 1.3 we prove the existence of a family of groups containing parabolics whose critical exponents can get arbitrarily close to 1 and whose 2-2 entries can miss arbitrarily finitely many admissible integers. In [5] Bourgain-Kontrovich proved similar properties for certain subgroups of a parabolic free group Γ 1 p2q. We add an extra parabolic element to these groups in our construction.
Let Γpqq be the classical principle congruence subgroup of level q, i.e. Γpqq " tγ P SLp2, Zq : γ " Ipmod qqu (we extend this definition to other algebraic groups in an obvious way).
It is well known that Γp2q is a free group generated by
Let Γ 1 " rΓp2q, Γp2qs be the commutator group of Γp2q. Then all elements in Γ 1 are of the form
We will show:
For any M ą 0 and 0 ă δ 1 ă 1, there exists a finitely generated subgroup
such that:
Proof. The group Γ 1 is an infinite index, Zariski dense subgroup of SLp2, Zq, with critical exponent being 1 (followed by a counting argument in [9] ). It is straightforward to see that an integer can appear at the 2-2 entry of some matrix in Γ 1 if and only if this integer is odd.
For any matrix in Γp2q, composing by a multiple of A on the left and a multiple of B on the right, one can always bring a matrix to a unique matrix of the formˆa b c d˙w ith the 2-2 entry d unchanged and |b|, |c| ă |d|, and we call such matrices primitive.
Thus, for any odd d 0 , there exist finitely many primitive matrices (5) there's a unique way to left multiplying a multiple of A and right multiplying a multiple of B, to get a matrix
Since the critical exponent of Γ 1 is 1, by Corollary 6 of [13] , we can find a finitely generated subgroup Λ 1 of Γ 1 such that δpΛ 1 q ą δ 1 for any 0 ă δ 1 ă 1. If δ 1 ą 1{2, then the Zariski closure of Λ 1 is SLp2, Rq, and it is known that Λ 1 satisfes a strong approximation property [14] . In other words, there exists an integer B 0 , such that Λ 1 pB 0 q, the principal congruence subgroup of Λ 1 of level B 0 , satisfies
for any q P N. Now take N distinct odd primes p 1 , p 2 ,¨¨¨, p N which are congruent to 1 mod B 0 . Let Λ 2 " xΛ 1 , Ay. Then the set of all matrices in Λ 2 that have p i as the 2-2 entry in Λ 1 can be expressed as
It is noted that there are only finitely many different 2-1 entries in (7). Let K p i denote the maximum of the absolute values of the 2-1 entries from (7). Now we pick up a large prime number P such that P ą max t1ďiďN u K p i . Let Λ " Λ 2 X Γ 0 pP q, where
Then no matrix in Λ has the 2-2 entry any of the p i 's. But on the other hand it is straightforward to check that each of the p i 's passes every local obstruction.
We hope we have illustrated effectively the subtlety of our problem. While being trivial in certain cases, the problem can become quite nontrivial in some other cases.
Our method for proof of Theorem 1.2: Just like the predecessor of this paper [2] , we will use Hardy-Littlewood circle method combined with the orbital counting technique developed in [8] to prove Theorem 1.2. Let N be the main growing parameters, and write N " T X, where T is thought to be a small power of N. Our ensemble is a set B T consisting of elements γ P Λ pointing at some specific angles with matrix norm bounded by T . Each γ corresponds to a linear form f γ . We then let x range over some interval comparable to X (in reality we weight x by (the dilation of) some compactly-supported smooth function ψ). We then define a function R N on Z such that R N pnq roughly captures the number of times n is represented as f γ pxq and has the property that R N pnq ą 0 if and only if n is represented. By analyzing the Fourier transform of R N , we show that R N pnq ą 0 for almost every admissible n, thus most admissible integers are represented.
Remark: One might ask if one can improve Theorem 1.2, say, by impriving the errior term to be Op1q, or by relaxing the restriction that δ is sufficiently close to 1. In both cases, it seems that significantly new ideas are needed. We have tried to introduce two and more variables (corresponding to multiple copies of parabolic subgroups), but just like the onevariable method in our paper, they lead to a same obstacle in some part of the minor arc analysis, which requires the critical exponent to be sufficiently close to 1 in order to get cancellation in average.
Plan of the paper: In Sec.2, we describe the setup of the ensemble for the circle method. In Sec.3, we state some counting results on infinite co-volume lattices of SLp2, Rq developed by Bourgain-Kontorovich-Sarnak [8] . Sec.4 and Sec.5 are devoted to major and minor arc analysis, respectively.
Notations:
The Greek letters ǫ, η are small positive numbers, and the letter L is a large positive number, all of which appear in several contexts. We assume that each time when ǫ, η, L appear, we let ǫ, η not only satisfy the current claim, but also satisfy the claims in all previous contexts. The symbol ř apqq denotes a summation over all residues mod q and the symbol ř 1 apqq denotes a summation over all residues a mod q with pa," 1. The relation f ! g is synonymous with f " Opgq, and f -g means f ! g and g ! f . Without further specifying, all the implied constants depend at most on the group Λ, the vectors v and w and the quantities ǫ, η, L.
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Setup of the circle method
Recall that Λ is a finitely generated, non-elementary subgroup of SLp2, Zq containing a parabolic subgroup. Without loss of generality we can assume this parabolic subgroup is
n P Z * , because we can conjugate any parabolic subgroup to be such a group. Let v " pv 1 , v 2 q and w " pw 1 , w 2 q be two primitive vectors in Z 2´0 . We assume that v 1 , w 2 ‰ 0; otherwise we can always precompose v, w with some group elements from Λ to have this property since Λ is non-elementary. Observe that the set xv¨Λ 8 , wy R 2 " tv 1 w 1`w2 v 2`J w 2 v 1 n|n P Zu already gives a positive density subset of S. Moreover, other sets of such linear progressions can be obtained by precomposing v¨Γ 8 with some γ "ˆa
Write f γ pnq " A γ n`B γ , where
Then we have xv¨Γ 8¨γ , wy R 2 " tA γ n`B γ |n P Zu. Let G " SLp2, Rq. We use the standard matrix norm }¨} on G given by
Let N be the main growing parameter. We introduce two parameters T and X with T X " N. The parameter T is a small power of N. In fact T could be any N α with α P p0, 1{2q. We define the following homogeneous growing set B T :
Let ψ be a smooth non-negative function supported on p0.5, 2.5q and ψ ě 1 on r1, 2s. Now we are ready to define our representation function R N :
Note that R N pnq ą 0 implies n is in the set S.
The Fourier transform of R
One can recover R N from p R N by the following Fourier inversion formula:
From Dirichlet's approximation theorem, given any positive integer M, and for every real number θ P r0, 1q, there exist coprime integers a, q such that 1 ď q ď M andˇˇθ´a qˇă
. The integer M is also called the depth of approximation. In our context we set
where ǫ 0 is a fixed and an arbitrarily small positive quantity.
A general philosophy for circle method is that most contribution to the integral (12) should come from the neighborhoods of rationals with small denominators, and we call such neighborhoods major arcs. We introduce two parameters Q 0 , K 0 such that the major arcs corresponds to q ď Q 0 , β ď K 0 N . Both Q 0 and K 0 are small powers of N and are determined at (40).
We define the following hat function t :" minp1`x, 1´xqẁ hose Fourier transform ist pyq "ˆs inpπyq πy˙2 .
In particular,t is a nonnegative function.
From t, we construct a spike function T which captures the major arcs:
Tpθq :"
We then define our "main" term to be
and the "error" term to be
Theorem 1.5 of [8] implies that #B T -T 2δ . Therefore, the total input p R N p0q -T 2δ X. We expect the total mass is equidistributed among all admissible n -N. Indeed, in Section (4), we will show that all admissible n P r´N,´N{2s Y rN{2, Ns, we have M N pnq " T 2δ´1 , ignoring log factors:
We are not able to give a satisfactory individual bound for E N pnq for each n, which would improve the error term of (3) to be Op1q. However, we are able to give an l 2 bound for E N , which shows E N is small in average: 
Therefore,
ignoring the log factors.
Several Orbital Counting Estimates
In this section we state some orbital counting estimates which are used in the sequel. We carry over all previous notations.
Let G " SLp2, Rq and Λ ă SLp2, Zq be a finitely generated, non-elementary Fuchian group of the second kind containing parabolics, and let δ be the Hausdorff dimension of the limit set of Λ. We assume δ ą 5{6.
We require the following Sobolev-type norm. Let tX i u be an orthonormal basis for the Lie algebra g " slp2, Rq. Each vector X i is then extended to a left G-invariant vector field on G, for which we still denote by X i . Then the norm S 8,T is defined by
That is, S 8,T is the supreme norm of the first order derivatives of f in the ball of radius T about the identity.
Let Λpqq be the principal congruence subgroup of Λ, i.e. Λpqq " tγ P Λ|γ " Ipmod qqu, and let Λ q be the set Λ{Λpqq.
The following two orbital-counting theorems are due to Bourgain-Kontorovich-Sarnak [8] .
Theorem 3.1. Let Λ be as above. Fix any γ 0 P Λ and q ą 1. Let f : G Ñ C be a smooth function with |f | ď 1. There exists a fixed "bad" integer B such that for q "
Here E q 1 ! T 2δ´α 0 for some α 0 ą 0. All the implied constants are independent of γ 0 and q.
Proof. In [8] Bourgain-Kontorovich-Sarnak proved a version of this theorem with B T replaced by the expanding set tγ P Λ : }γ} ă T u. The same proof goes through for B T as well.
Theorem 3.2. Let v, w P Z 2 and assume N{2 ă |n| ă N and X ď x ď 2X. Then we have
Proof. This is application of Theorem 1.15 in [8] .
Theorem 3.2 essentially counts points of Λ pointing at some shrinking angles. Such a counting is valid, as long as the shrinking rate, measured by K 0 ) is slow enough (depending on the spectral gap). Remark: Theorem 3.1 has been extended vastly to the setting of SOpn, 1q by MohammadiOh [12] .
Major Arc Analysis
The purpose of this section is to prove Theorem 2.1. The main player in our analysis is the B T -sum of p R N pθq (see (11)), that is, we fix x in (11), and we apply Theorem 3.1 to the B T -sum to get the desired estimate for p R N pθq.
Inserting (11) into (14), we obtain
Now we split ř γPB T into Λpqq-cosets and apply Theorem 3.1, and for simplicity we assume B " 1 so we don't have the E q 1 term. In general, if B ‰ 1, then the E q 1 term corresponds to a contribution coming from a "new form" that appears at level q 1 with spectral parameter ą 5 6 . By Gamburd's Theorem, there are only finitely many such forms, and the bad integer B is the least common multiple of all such q 1 . Then we can work with ΛpBq, the principal congruence subgroup of Λ of level B, so that we don't have the E q 1 term in the statement of Theorem 3.1, if we replace Λ by ΛpBq. The set S can be written as a finite union of the sets of the form xv i ΛpBq, w i y, and we can work with each of them and combine the results. 
where
It is noted that the definition of S Q 0 ,x pnq is independent of x and we can abbreviate S Q 0 ,x pnq to S Q 0 pnq. This is because the innermost sum ÿ
Thus we have split each x-summand of M N pnq into a product of a modular piece S Q 0 pnq and an Archimedean piece
The analysis for the the modular piece S Q 0 pnq is identical to the one in Sec. 4.2 of [5] , from which we have Lemma 4.1. in (19). Noting thattpyq ą 0.4 when |y| ă 1{2, for x P rX, 2Xs, we have
Lemma 4.1, together with (21) thus implies Theorem 2.1 once the parameters K 0 , Q 0 are set with the error term not overtaking the main term, or
Minor Arc Analysis
The purpose of this section is to prove Theorem 2.2, which gives an l 2 bound for E N . The main player of our analysis is the x´sum of p R N pθq, where we can use the Poisson summation to get cancellation.
By Plancherel, proving Theorem 2.2 is the same as to prove
To analyze (24), we consider the following four integrals:
and give the bound T 4δ´2 N 1´η for each. Indeed, the integration intervals of I 1 , I 2 , I 3 , I 4 cover the whole interval r0, 1s by Dirichlet's approximation theorem, and the integrants of I 1 , I 2 , I 3 , I 4 dominate |1´Tpθq| 2 | p R N pθq| 2 in the corresponding intervals. Therefore,
Recall the definition of p R N from (11) . We use Poisson summation for the x variable to rewrite p R N :
As Ψ is compactly supported, p Ψ decays faster than any polynomial rate. Since |β| ă
OpN´Lq for any L ě 1, thus negligible. We thus have p R Nˆa q`β˙" X ÿ γPB T 1tA γ " 0pqqueˆa B γ q˙p ψ pA γ Xβq epB γ βq`OpN´Lq
for any L ě 1.
Since p ΨpA γ Xβq ! pNβq´L for any L ě 1, from (30) we havěˇˇp
for any L ě 1, where we used |A γ | " T .
Set L " 1 in (31) and apply it to the integral I 1 . We have
Thus if we set q is the Ramanujan's sum. Fixing n, c q pnq is a multiplicative function with respect to q. In the following, we will use the following elementary bound for c q pnq: |c q pnq| ă gcdpq, nq.
Apply Lemma 5.1 to (35) and augment the set tpA γ , B γ q : γ P B T u to all vectors in a square r´αT, αT s 2 (we can take α to be, say a xv, vy R 2¨x w, wy R 2 ),
We split (36) into I 
Therefore we require
in order to make I p‰q Q ! T 4δ´2 N 1´η .
Conclusion : Collecting (22), (23), (33), (39), we find we can set
where ǫ 1 is an arbitrary small positive number, and we can take
